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ABSTRACT 
A study is presented detailing the simulation of a drag-free follow-on mission to 
NASA’s Gravity Recovery and Climate Experiment (GRACE).   This work evaluates 
controller performance, as well as thrust, power, and propellant mass requirements for 
drag-free spacecraft operation at orbital altitudes of 160 – 225 kilometers.  In addition, 
sensitivities to thermospheric wind, GPS signal accuracy and availability of ephemeris 
data are studied.  Orbital dynamics were modeled in Matlab and take into account 2 body 
gravity effects, J2-J6 non-spherical Earth effects, atmospheric drag and control thrust.  A 
drag model is used in which the drag acceleration is a function of the spacecraft’s relative 
velocity to the atmosphere, and a “drag parameter,” which includes the spacecraft’s drag 
coefficient and local mass density of the atmosphere. A MSISE-90 atmospheric model is 
used to provide local mass densities as well as free stream flow conditions for a Direct 
Simulation Monte Carlo drag analysis used to validate the spacecraft drag coefficient.  
The controller is designed around an onboard inertial sensor which uses a freely 
floating reference mass to measure deviations in the spacecraft position, resulting from 
non-gravitational forces, from a desired target orbit.  Thruster (control actuator) models 
are based on two different Hall thrusters for providing the orbital along-track 
acceleration, colloid thrusters for the normal acceleration, and a miniature xenon ion 
thruster (MiXI) for the cross-track acceleration.  
The most demanding propulsion requirements correspond to the lowest altitude 
considered, 160 kilometers. At this altitude the maximum along-track thrust component is 
calculated to be 98 millinewtons with a required dynamic (throttling) response of 41 
mN/s.  The maximum position error at this altitude was shown to be in the along-track 
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direction with a magnitude of 3314.9 nanometers and a peak spectral content of 1800 
nm/sqrt(Hz) at about 0.1 Hz. At 225 kilometers, the maximum along-track thrust 
component reduces to 10.3 millinewtons.  The maximum dynamic response at this 
altitude is 4.23 mN/s.  The maximum along-track position error is reduced to 367.9 
nanometers with a spectral content peak of 40 nm/sqrt(Hz) at 0.1 Hz.   For all altitudes, 
the maximum state errors increase as the mission length increases, however, higher 
altitude missions show less of a maximum displacement error increase over time than 
those of lower orbits.   
The ability of a colloid thruster to control the normal drift is found to be 
dependent on how frequently the spacecraft state data is updated. Reducing the period 
between updates from 10 seconds to 1 second reduces the maximum normal state error 
component from 199 nanometers to less than 32 nanometers, suggesting that spacecraft 
state update frequency could be a major driver in keeping the spacecraft on the target 
trajectory.  Sensitivity of maximum required thrust and accumulated sensor error to 
measurement uncertainty is found to be less of a driver than state update frequency.   
A ‘worst case” thermospheric wind gust was modeled to show the increase on 
propulsion requirements if such an event were to occur.  At 200 kilometers, maximum 
winds have been measured to be in increase of 650 m/s in the westward direction in the 
southern pole region.  Assuming the majority of the 650 m/s gust occurs over a 4 second 
time span, the maximum required cross-track thrust at 200 kilometers increases from 1.12 
to 2.01 millinewtons.  This large increase may drive the thruster choice for a drag-free 
mission at a similar altitude.   
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For the spacecraft point design considered with a propellant mass fraction of 0.18, 
the mission lifetime for the 160 km case was calculated to be 0.76 years. This increases 
2.27 years at an altitude of 225 km. 
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NOMENCLATURE
a  = semi-major axis of orbit, km 
da  = acceleration due to 
atmospheric drag, km/s2 
nsa  = acceleration due to 
aspherical geopotential, km/s2 
c  = drag parameter, km-1 
cˆ  = adaptive estimate, km-1 
ˆoc  = initial adaptive estimate, km
-
1 
c%  = drag parameter error, km-1 
bC  = ballistic coefficient, kg/m
2 
dC  = drag coefficient
 
ˆve  = velocity unit vector 
i  = inclination of orbital plane, 
degrees 
PK  = proportional gain matrix, s
-2 
DK  = derivative gain matrix, s
-1 
nK  = Knudsen number 
m  = spacecraft mass, kg 
( )0pm  = initial propellant mass 
fraction 
m&  = mass flow rate, mg/s 
tr  = actual position vector of 
proof mass, km 
cr  = actual spacecraft position 
vector, km 
mr  = measured spacecraft position 
vector, km 
&r  = spacecraft velocity vector, 
km/s 
&&r  = spacecraft acceleration 
vector, km/s2 
u  =  control acceleration vector, 
km/s2 
cv  = actual velocity vector of 
spacecraft, km/s 
mv  = measured velocity vector of 
spacecraft, km/s 
dv  = discharge voltage of Hall 
thruster, V 
γ  = secondary velocity error gain 
Γ  = adaptive gain 
δ r  =  actual position error, m  
mδ r  =  measured position error 
vector, m 
( )pos o∆  = initial position error, m 
δ &r  =  velocity error, m/s 
δ &&r  =  state acceleration error, m/s2 
( )m numδ v  =  calculated velocity error 
vector, m/s 
( )vel o∆  = initial velocity error, m/s 
ε  = orbital eccentricity 
rδε  = position error uncertainty 
vector 
posε  = spacecraft position 
uncertainty vector 
velε  = spacecraft velocity 
uncertainty vector 
TRε  = Thruster resolution vector 
ζ  = damping coefficient 
( )minλ ⋅  = minimum eigenvalue of a 
matrix 
µ  = Earth’s gravitational 
parameter, km3/s2 
v  = true anomaly, degrees 
ρ  = atmospheric density, kg/m3 
ω  = argument of perigee, degrees 
nω  = natural frequency of simple 
harmonic oscillator, Hz 
ω⊕  = angular velocity of Earth, 
rad/s 
Ω  = right ascension of the 
ascending node, degrees 
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1 INTRODUCTION  
  Drag-free spacecraft are opening a number of possibilities for measurement-based 
missions in the near future.  In this context, the term “drag-free” refers to the continuous 
cancellation of external disturbances on the spacecraft, which contains an inertial sensor. 
This sensor may consist of a freely floating proof mass located within an instrumented 
housing designed to detect movement of the mass relative to the spacecraft around it.  
The spacecraft itself shields the proof mass from nonconservative forces such as 
atmospheric drag and solar radiation pressure.  The spacecraft’s controller continuously 
activates the propulsion system in order to keep itself centered on the floating proof mass, 
which ideally should only be subjected to gravitational forces.  The resulting orbit is 
“drag-free” in the sense that the trajectory of the proof mass is only governed by 
gravitational potential. The motion of the proof mass(es) can therefore be used to 
determine the local gravitational field. 
  Previous work by St. Rock, Blandino and Demetriou1 investigated the propulsion 
requirements for a drag-free spacecraft operating continuously in earth orbit at altitudes 
of 150 – 450 km for a period of up to five years. For the candidate spacecraft mass and 
geometry considered, the authors calculated the required thrust envelope, maximum 
thruster dynamic response, and ∆V. The feasibility of several candidate thruster 
technologies was also evaluated. One restrictive assumption in this earlier work was the 
continuous availability to the controller of full-state data for the spacecraft. In addition, 
no uncertainty was assumed in either the state data for the spacecraft, the data from the 
inertial sensor, or the delivered thruster response. This study is an extension of the 
previous work in which a number of the limiting assumptions in the original model have 
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been eliminated. A major improvement in the current model is a more accurate 
representation of the available control information. The time period between spacecraft 
position and velocity updates is now a variable and the sensitivity of the controller 
performance to the delay in these updates is explored. In addition, uncertainty in the 
spacecraft state data, the data from the inertial sensor and the delivered thruster response 
has been included to enhance the realism of the simulations. Finally, we have included 
specific thruster (controller actuator) models for the along-track, normal, and cross-track 
control and a ballistic coefficient which varies with mass consumption over the course of 
the mission.  This allows for a better assessment of the importance of thrust level and 
specific impulse on the thruster selection for a multi-year mission. 
1.1     Drag-free Spacecraft 
  Drag-free control was first demonstrated on the US Navy Triad spacecraft in 
1972, and with the ongoing developments in propulsion technology, drag-free missions 
are becoming much more feasible.  In 2008, NASA plans to flight test the Space 
Technology 7 (ST7) Disturbance Reduction System (DRS), which will incorporate 
enhanced sensor and thruster technology with laser interferometers.  The DRS consists an 
instrument package and clusters of thrusters.  The instrument package includes a 
Gravitational Reference Sensor (GRS), which contains the floating proof mass and the 
laser interferometer subsystem2.  Capacitive measurements record the separation between 
the floating metallic cube (proof mass) and its housing.  This information is used by the 
control system to keep the spacecraft centered on the proof mass by continuously firing 
the thrusters which must have adequate throttling capability.  The enhanced measurement 
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and control technologies demonstrated by ST7 will validate the technologies for possible 
use in various follow on missions. 
  The Laser Interferometer Space Antenna (LISA) is one such mission that plans to 
use drag-free architecture to measure gravity waves in space.2 Scheduled to launce in 
2009, LISA will consist of three spacecraft deployed five million km apart in the shape of 
an equilateral triangle.  Each spacecraft will contain two gold-platinum proof masses 
inside glass-ceramic housings which shield the proof masses from solar radiation.  Laser 
beams are reflected between the spacecraft which form two independent Michelson 
interferometers with five million kilometer baselines. Phase differences in the laser light 
traveling along the two paths will result from differences in the position of the proof 
masses as a result of passing gravitational waves.       
1.2   GRACE Mission 
NASA’s Gravity Recovery And Climate Experiment mission (GRACE), launched 
March 2002, consists of  two three-axis-stabilized spacecraft flying 50 to 220 km apart in 
the same 88.5 degree inclination, 500 km orbit.  The orbital eccentricity is a near circular 
0.001, to minimize the density variation over the course of an orbit.  Each GRACE 
satellite is in the shape of a trapezoidal cube and measures 1.942 meters in width, 3.123 
meters long and 0.72 meters high.  The mass of each satellite is approximately 487 
kilograms and each have a predicted drag coefficient of 2.53.  While GRACE is not drag-
free, its mission goal is similar to that of ST-7 and LISA.  The objective of the GRACE 
mission is to map the gravitational field of the earth by measuring differences in position 
and velocity between the two spacecraft.  A K-band microwave ranging instrument is 
used to measure these differences between the spacecraft to within 1 micron.3 
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The altitudes of the two spacecraft in tandem will decay, due to atmospheric drag 
and other effects, from 500 to 300 kilometers over the course of their five year mission.3 
These nongravitational forces are measured via accelerometers mounted at the center of 
gravity of each satellite, and accounted for in the gravity measurements.  Station keeping 
maneuvers will be carried out every 30 to 60 days to keep the spacecraft at the desired 
separation.  
1.3   Drag-free GRACE Follow on Mission 
The success of GRACE has led to consideration of a possible follow on mission 
in the near future.  A possible follow on mission to GRACE would likely utilize drag-free 
spacecraft to measure the Earth’s gravity field, where atmospheric drag can be 
continuously compensated for, rather than measured and subtracted out of the data.  Such 
a follow on mission could greatly increase the accuracy of current gravity models, and 
provide benefits for weather prediction, studying ice sheets and ocean currents, tracking 
changes in the solid earth and tracking water movement on and beneath the Earth’s 
surface. 
 One option for the follow on mission would consist of a two spacecraft formation, 
flying in the same near polar orbit, as on GRACE. Like GRACE, the two satellites 
themselves are an integral part of the instrument. However, the follow on mission could 
utilize a drag-free control system to remove non-conservative effects completely, 
increasing measurement sensitivity.    The follow on mission will most likely use a laser 
interferometer for ranging, rather than microwave ranging system flown on GRACE, 
reducing instrument noise by two orders of magnitude.  Ideally, the follow on mission 
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would fly at a much lower altitude, around 200 kilometers, compared to the 500 
kilometer orbit of the GRACE satellites. 
1.4   Present Study 
In this study the dynamics of a drag-free spacecraft, similar to that of the possible 
GRACE follow on mission, are modeled.  Spacecraft dynamics include two-body gravity 
effects as well as higher order perturbations such as J2-J6 nonspherical geopotential 
effects. The spacecraft dimensions and mass are assumed to be identical to that of the 
GRACE satellites.  Atmospheric drag is represented using a coefficient-based model in 
which drag force is assumed to be proportional to the square of the spacecrafts velocity.  
A Direct-Simulation-Monte Carlo code was implemented to validate the analytical drag 
model by accurately determining the drag coefficient for the assumed geometry at a 
particular orbital condition.  In addition, spectral density of drag acceleration noise is 
studied.  
The propulsion controller is based on Lyapunov’s methods and uses partial state 
feedback linearization to keep the spacecraft centered on its encaged proof mass, which is 
assumed to be located at the center of mass of the spacecraft.  The control law uses an on-
line, or adaptive estimator to predict the drag acceleration imparted on the spacecraft, 
since drag force is unknown a priori.  Parametric thruster models provide accurate 
estimates for thrust as a function of operating conditions (discharge voltage and flow rate 
for the Hall thrusters), power requirements and mass consumption. Results focus on 
thrust and power requirements, thruster and controller performance, and sensitivities to 
various changes in input parameters and assumptions. 
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2   DYNAMICS MODELING 
2.1 Reference Frames 
 The two coordinate frames used in this study are the inertial geocentric-equatorial 
(GCI) and a satellite-centered rotating frame (NTW).  The GCI reference frame is used to 
define the equations of motions, the state error inputs into the control law, and the 
calculated thrust accelerations. The NTW frame has its origin located at the center of 
mass of the floating proof mass, as shown in Figure (1). The along-track, or tangential (T) 
axis of this reference frame is collinear with the velocity vector of the satellite.  The 
cross-track, or W-axis, is perpendicular to the orbital plane and is collinear with the 
angular momentum vector of the orbit. The normal (N) axis is perpendicular to both the T 
and W axes. For a circular orbit, the N-axis will coincide with the spacecraft’s GCI 
position vector.   
Direction of
Vernal Equinox
X Y
Earth's
Rotational Axis 
Z
r
WT
v
N
 
Figure 1 Reference Frames 
 
In this study, the spacecraft occupy orbits with a slight eccentricity (0.001), so the N-axis 
of the NTW frame is slightly out of alignment with the satellite’s GCI position vector. 
While the controller will calculate the required thrust acceleration in the GCI frame 
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(based on the GCI state error inputs), the applied thrust will be reported in the local 
spacecraft body-fixed frame (assumed to coincide with the rotating NTW frame) to 
represent thruster mounting on the spacecraft. 
2.2 Orbital Dynamics 
 In simulating the dynamics of the spacecraft, one must define the dynamics of the 
floating proof mass as well as the spacecraft in which it is housed. The dynamics of the 
proof mass is assumed to only be governed by the Earth’s gravity.  The equation of 
motion which describes the motion of the target, or proof mass, is shown as Eq. (1).  
 ,3
( )
( )
( )
t
t ns t
t
tt
t
µ= − +&& rr a
r
 (1) 
The vector, ( )t t&&r , is a three by one vector representing the components of acceleration in 
the GCI frame. The solution of this equation, ( )t tr , represents the trajectory of the proof 
mass, or “target spacecraft,” which includes only a two-body gravitational acceleration 
term and perturbation due to the non-spherical geopotential, ,ns ta . The non-spherical 
acceleration terms are taken from a simplified model for the zonal harmonic (J2-J6) 
acceleration terms by Vallado4.   Since the spacecraft itself shields the proof mass from 
atmospheric drag and other non-conservative forces that will affect its orbit, accelerations 
dues to such perturbations are not included in Eq. (1). Equation (2) describes the motion 
of the “controlled” spacecraft.  It also includes two-body gravitational acceleration term  
and perturbations due to the non-spherical geopotential, ,ns ca , atmospheric drag, ( )d ta , and 
a  control thrust acceleration, ( )tu . 
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 ,3
( )
( ) ( ) ( )
( )
c
c ns c d
c
tt t t
t
µ= − + + +&& rr a a u
r
 (2) 
The solution of Eq. (2) represents the trajectory of the controlled spacecraft, ( )c tr .  The 
goal of the controller is to keep “errors” or differences in position and velocity of the 
target and the controlled spacecraft to a minimum.  If these errors equal zero exactly, the 
spacecraft is said to be “centered” on the proof mass.  The controller attempts to attain 
this desired state by sending a thrust signal to the actuator (thrusters) to produce a force 
which cancels the non-conservative forces (i.e. drag force) imparted on the spacecraft, 
represented by ( )tu  in Eq. (2).  Since the drag force is an unknown quantity, the 
challenge of accurately estimating it is also part of the control objective, and will be 
discussed in detail in section 4.2.    
3 Drag Model and DSMC Analysis 
3.1 Drag Model 
 For this simulation, we use a drag model where the drag acceleration is 
proportional to the local density and the square of spacecraft velocity to describe the drag 
force imparted on the spacecraft by the Earth’s atmosphere.  The drag acceleration term 
in Eq. (2) is represented by,  
 
2( )1
2 ( )
( )
( ) ( )
( )
d rel
d rel
rel
C A t
m t
t
t t
t
ρ= −    
va v
v   (3) 
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where relv is the velocity vector of the “controlled” spacecraft relative to the atmosphere.  
This includes the assumption that the atmosphere co-rotates with the earth, in which case 
the relative velocity is given by 
 ( )rel c ct ⊕= − ×v v rω  (4) 
where ⊕ω  is the angular velocity vector of the Earth’s rotation. The spacecraft mass, ( )m t  
is time-dependent and decreasing as propellant is consumed. The parameter, A, is the 
drag area of the spacecraft, or the normal projection of the spacecraft’s cross sectional 
area onto the NW plane.  In the case of the GRACE spacecraft, the leading face is normal 
to the NW plane, so the drag area is the spacecraft’s cross sectional area.  The drag 
coefficient, dC is assumed to be 2.5, and will be validated via DSMC analysis in section 
3.3.  The quantity ( )
2 ( )
dC At
m t
ρ     is defined here as the drag parameter, ( )c t . This quantity is 
dependent on the two time dependent parameters: atmospheric density and the mass of 
the spacecraft.   By defining the unit vector, 
 ( )ˆ ( )
( )v
rel
rel
v t
t
v t
= −e  (5) 
The drag acceleration can be written in the following compact form 
 2ˆ( ) ( ) ( ) ( )d v relt c t t t=a e v . (6) 
3.2 Atmosphere Model 
 The above drag model assumes that the drag force imparted on the spacecraft is 
proportional to the local atmospheric density.  Therefore, accurately modeling the drag 
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forces depends heavily on the atmospheric density model used. In this study, the Mass-
Spectrometer-Incoherent-Scatter (MSISE-90) atmosphere model is used.5 The MSISE 
model describes the neutral temperature and densities in Earth's atmosphere from ground 
to thermospheric heights.  In addition, Pitot tube, falling sphere, and grenade sounder 
rocket measurements from 1947 to 1972 were taken into consideration. Above 72.5 km 
MSISE-90 is a revised MSIS-86 model which includes data derived from space shuttle 
flights and newer incoherent scatter results.  Seven species are included in the model, O, 
O2, N, N2, Ar, He, and H.   
The MSISE-90 model was originally developed in FORTRAN by Hedin et al. in 
1990. An on-line version of the FORTRAN code is available via NASA’s FTP website. 
The MSISE-90 is used to generate a table of number densities, total mass density, and 
neutral temperate and exospheric temperature based on a user defined profile of dates, 
coordinates and altitude.  An optional input is F10.7 index based on daily, or 3 month 
averaged values.  For this study, a lookup table based on an altitude profile from 50-500 
km, using 0.1 km intervals, was generated using values from January 1, 2000.  Mass 
densities are then interpolated based on this lookup table for use in the simulation.  This 
date was chosen because it is at the peak of the solar cycle, proving a “worst case” 
scenario for solar activity.  The nominal location for the model input was chosen to be 55 
degrees latitude, 45 degrees longitude because it represents a reference location with 
respect to the equator and the poles.  Since the orbit is very near polar, the spacecraft will 
cover most of the Earth’s surface, so this nominal location acts as a reference point for 
the MSISE-90 model.  Positional density fluctuations, such as variation with latitude and 
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longitude changes were determined to cause an approximately 10 percent fluctuation 
from the nominal value.   
3.3 Direct Simulation Monte Carlo Drag Analysis 
Direct Simulation Monte Carlo (DSMC) is a numerical technique for simulating 
dynamics of dilute gasses developed by Bird in the 1960’s.6  The technique uses 
representative particle to simulate gas molecules in a flow field.  This type of analysis is 
required for the study of spacecraft aerodynamics since the continuum Navier Stokes 
equations do not apply in such a low density regime.  The Knudsen number, Kn is defined 
as the ratio of the mean free path of molecules to some characteristic length of the 
boundaries.  The continuum formulation breaks down at Knudsen numbers greater than 1.  
For the altitudes considered in this study, 160 km, 200 km and 225 km, the local mean 
free paths range from 20-30 meters for the 160 kilometer obit to 200-270 meters for the 
225 kilometer orbit.  This corresponds to a Knudsen number on the order of 10 for the 
160 kilometer case.  For the 225 kilometer case, the Knudsen number increases to a few 
hundred.  These values are in good agreement with previous work by Gatsonis, Maynard 
and Erlandson, in which a DSMC analysis was performed to investigate pressure 
measurements made by a suborbital vehicle upon re-entry.7 The altitudes considered in 
reference 8 ranged from 130 to 275 kilometers.  Because of the high Knudsen numbers 
associated with the free stream flow conditions at these altitudes, a particle approach 
must be taken in determining aerodynamic forces on the spacecraft at these altitudes.  
For the current study, a drag analysis was performed using a three dimensional, 
unstructured DSMC code developed by Chamberlin and Gatsonis.8  Simulations were run 
for the minimum and maximum drag situations for the three different altitudes defined 
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above.  In general, the maximum drag case for an orbit corresponds with the orbital 
perigee, and the minimum drag case corresponds to the orbital apogee for all altitudes.  
Simulations were run until steady state was achieved and maintained.  This corresponds 
to roughly 11 milliseconds. 
3.3.1 DSMC Grid Generation 
The spacecraft geometry and computational grid were created in Comsol 
Multiphysics.  The grid consists of 17871 tetrahedral cells with 3169 nodes and 36457 
faces. A maximum cell size of 0.2 meters was defined on the leading face of the 
spacecraft to accurately capture shock effects and particle interactions with the 
spacecraft.  Spacecraft dimensions are given in Table (1).   
Table 1 GRACE Spacecraft Dimensions 
Dimension Meters 
Width (X) 1.924 
Height (Y) 0.720 
Length (Z) 3.123 
 
The computational domain consists of a cylindrical volume 10 meters long with a radius 
of 4 meters.  The spacecrafts geometry is located in the center of the domain as shown in 
Figure 2.   
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Figure 2 DSMC Computational Domain 
3.3.2 DSMC Input Variables and Assumptions 
Number densities and neutral temperature values obtained from the MSISE-90 
atmosphere model were used at inputs for the DSMC simulations.   Table (2) contains the 
number densities of each species used in the DSMC simulation for each of the minimum 
and maximum drag cases.  Table (3) contains the actual altitude, velocities, mass density 
and neutral temperature at each altitude considered.      
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Table 2 Simulation parameters and number densities 
  Number Densities (per m^3) 
Alt. 
(km) 
Drag 
Case  O (•1015) N2 (•1015) O2 (•1015) He (•1013) Ar (•1013) H (•1011) N (•1013) 
160 max 13.9 19.6 1.86 3.58 4.00 5.01 0.882 
160 min 10.7 12.9 1.16 3.30 2.24 3.93 1.11 
200 max 4.94 3.57 0.271 2.63 0.369 2.47 1.27 
200 min 4.05 2.54 0.184 2.49 0.228 2.31 1.17 
225 max 2.86 1.4 0.0938 2.27 0.0986 2.13 0.939 
225 min 2.38 1.02 0.065 2.16 0.0624 2.07 0.811 
 
Table 3 Mass densities and neutral temperature 
  
  
Orbit (km) Drag Case  
Act. Alt. 
(km) 
Velocity 
(km/s) 
Mass Dens 
(kg/m^3) (•10-10) 
Neutral Temp 
(K) 
160 max 159.8092 7.8025 13.8 736.5
160 min 168.7551 7.8014 9.48 770.3
200 max 199.7617 7.7788 3.12 840.1
200 min 208.6745 7.7776 2.358 851.3
225 max 224.732 7.7641 1.467 865.7
225 min 233.625 7.7629 1.142 871.3
 
For each simulation, particles of each species were loaded into the computational cells 
based in their number densities.  The injection boundary conditions were defined to be a 
free stream uniform flow in the positive Z (DSMC coordinates) direction with magnitude 
equal to that of the spacecrafts velocity.  All other domain boundaries were defined to be 
free boundary, meaning particles are free to move into and out of the domain.  All 
spacecraft surfaces were assumed to be diffuse reflecting and in thermal equilibrium with 
the atmosphere.   
All seven species from the MSISE-90 atmosphere model were used in the DSMC 
simulation.  Table (4) shows each species and its mass and diameter.   
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Table 4 Mass and Diameters of atmospheric species 
Species 
Particle Mass (kg)
(•10-26) 
Diameter  (m) 
(•10-10) 
O 2.66 2.03 
N2 4.65 4.17 
O2 5.31 4.07 
He 0.665 2.33 
Ar 6.63 4.17 
H 0.167 1.46 
N 2.33 2.09 
 
3.4 DSMC Results 
Results are presented for the six simulations described in the previous section.  
All values not otherwise noted are in SI units. 
3.4.1 160 km Altitude Case 
The drag force components for the maximum drag scenario corresponding to the 
160 km orbit are shown in Figure 3.  The XYZ components correspond to the spacecraft 
center reference frame unit vectors W, N and T respectively.  The plot shows the force of 
the body on the fluid, hence the negative values.   The X and Y components of the drag 
forces are relatively constant about zero, which validates the assumption that the selected 
geometry is not an aerodynamically lifting body.  The magnitude of the Z component 
represents the tangential drag force imparted onto the spacecraft at the orbital perigee, at 
160 kilometers over the time of the simulation.  The average value is 0.082 newtons, or 
about 82 millinewtons.  Figure 4 shows the pressure distribution on the spacecraft 
geometry.   
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Figure 3  Forces on spacecraft for 160 km maximum drag case 
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Figure 4  Pressure contours due to atmospheric drag at 160 km (max drag) [Pa] 
 
Figure 5 shows the forces on the spacecraft for the case of minimum drag in a 160 
kilometer orbit.  Again, forces in the normal and cross-track directions are shown to be 
effectively zero, and the drag force is equal to 59 millinewtons.   This results in a 
difference of 23 millinewtons over the orbital period.   This result forms a requirement 
for the drag-free propulsion system.  The primary drag canceling thruster must be capable 
of delivering thrust over such a throttle range in order to cancel drag exactly.   Figure 6 
shows the pressure distribution on the body for the minimum drag case at 160 kilometers.   
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Figure 5  Forces on spacecraft for 160 km minimum drag case 
   19
X -1
-0.5
0
0.5
1
Y
0
0.5
Z
0
1
2
3
X
Y
Z
p
0.071
0.061
0.051
0.041
0.031
0.021
0.011
0.001
Frame 001  18 Sep 2006  Cp,Cf,Ch,Vinf=0.78E+04,rhoinf=0.95E-09,pinf=0.26E-03
 
Figure 6  Pressure contours due to atmospheric drag at 160 km (min drag) 
3.4.2 200 km Altitude Case 
For the 200 kilometer orbit, the maximum drag force predicted by the DSMC 
analysis was 19.5 millinewtons.  The minimum drag was predicted to be 14.8 
millinewtons.  Figures 7 and 8 show the forces and pressure distribution on the spacecraft 
for the maximum drag case at 200 kilometers.  Figures 9 and 10 show the forces and 
pressure distribution on the spacecraft for the minimum drag case for the same altitude 
orbit. 
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Figure 7  Forces on spacecraft for 200 km maximum drag case 
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Figure 8  Pressure contours due to atmospheric drag at 200 km (max drag) 
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Figure 9  Forces on spacecraft for 200 km minimum drag case 
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Figure 10 Pressure contours due to atmospheric drag at 200 km (min drag) 
3.4.3 225 km Altitude Case 
Analysis of a 225 kilometer orbit resulted in a maximum predicted drag force of 
8.52 millinewtons and a minimum of 7.05 millinewtons.  The normal and cross track 
components of the force were effectively zero, similar to the lower altitude simulations.  
Figures 11 and 13 show the forces on the spacecraft at the perigee and apogee 
respectively, which correspond to the maximum and minimum drag cases.  Figures 12 
and 14 show the pressure distribution on the spacecraft for each of the respective cases.  
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Figure 11 Forces on spacecraft for 225 km maximum drag case 
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Figure 12 Pressure contours due to atmospheric drag at 225 km (max drag) 
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Figure 13 Forces on spacecraft for 225 km minimum drag case 
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Figure 14 Pressure contours due to atmospheric drag at 225 km (min drag) 
 
3.4.4 Determination of Spacecraft Drag Coefficient 
An estimate of spacecraft drag coefficient could be determined from the DSMC 
results.  Using Eq. (3), and the drag forces obtained from DSMC, the spacecraft drag 
coefficient can be solved for.  In each case presented, this procedure was executed and 
the results were averaged.  The average value of the drag coefficient based on the DSMC 
results was determined to be 2.17, but to be conservative, the value 2.2 was used in the 
simulation.    
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4 Propulsion Controller Design 
4.1 Continuous Full State Controller  
 The dynamic equations (1) and (2) can be combined and written in terms of the 
difference in states (i.e. the state acceleration error) as follows, 
 3 3
( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( )
t c
c t d
t c
t t
t t t t t
t t
δ µ
  = − = − + +  
&& && && r rr r r a u
r r
 (7) 
where the differential, nonspherical Earth acceleration goes to zero ( ), ,. . ns t ns ci e =a a . This 
assumption is valid if the state errors are kept small and the proof mass is positioned at 
center of mass of the satellite. The proposed control strategy uses partial state feedback 
linearization to cancel the nonlinearities in Eq. (7).  It is desirable to choose the control 
acceleration term in Eq. (7) so that it would cancel the nonlinear terms and the drag 
acceleration term.   Such a control law is shown in Eq. (8).  This control law was defined 
in previous work and assumes full state availability with no uncertainty in any of the 
controller inputs or thruster response.1 Later this control law will be adapted to the case 
where the control inputs are discrete, have a prescribed uncertainty associated with each 
of them and also include thruster repeatability in the control acceleration. 
 [ ] [ ] 23 3( ) ( ) ˆˆ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
t c
P D v c
t c
t t
t K t K t c t t t
t t
µ δ δ
  = − − − − −  
& &r ru r r e r
r r
  (8) 
The proportional and derivative gain matrices, [ ]PK  and [ ]DK , respectively, are 3 3×  
diagonal matrices and the control signal, ( )tu represents components of acceleration in the 
GCI frame needed to cancel the estimated drag on the spacecraft. Since the value of the 
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drag parameter is not known a priori, the ˆ( )c t term in Eq. (8) represents an adaptive 
estimate of the actual drag parameter used in Eq. (6).  The adaptive estimate is calculated 
from the update law  
 ( ) 2ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) , (0)T v c od c t t t t t c cdt γδ δ= −Γ + =& &r r e r  . (9) 
where γ is the secondary velocity error gain, ˆoc is the initial guess of the drag parameter 
which is assumed to be calculated onboard based on spacecraft position (from GPS) and 
atmospheric density estimates (from tables or models loaded on the flight computer), and 
Γ is the adaptive gain.  The state acceleration error equation can now be written as a 
vector second-order order system,  
 
[ ] [ ] ( )
( )
2
2
ˆˆ( ) ( ) ( ) ( ) ( ) ( ) ( )
ˆˆ( ) ( ) ( ) ( )
D P d v c
v c
t K t K t t c t t t
c t c t t t
δ δ δ+ + = −
= −
&& & &
&
r r r a e r
e r
 (10) 
It can be shown, with the right choice of [ ]PK  and [ ]DK , that the solution of this equation 
for the closed loop system, goes to zero exponentially when the adaptive estimate of the 
drag parameter is equal to the actual value (i.e the known parameter case ˆ( )c t c= ).  In the 
adaptive case with full state measurements, as was shown in Ref. 1, only asymptotic 
stability can be inferred. Both the state position and state velocity errors, ( )tδ r  and ( )tδ &r , 
converge to zero asymptotically, with the parameter estimate ˆ( )c t  remaining bounded. 
Additionally, it was shown that for the case of a constant parameter c  in Eq. (6), 
convergence of ˆ( )c t  to c  can be guaranteed when the additional condition of persistence 
of excitation is assumed. For a slowly time varying parameter ( )c t  in Eq. (6), one may 
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also attain parameter convergence of the adaptive estimate, Eq. (9) under certain 
conditions.   
4.2 Hybrid Continuous/Discrete Partial State Controller 
This section describes a modified controller based on realistic assumptions about 
available quantities. 
4.2.1 Availability of Spacecraft Ephemeris Data 
On an actual spacecraft, GPS signals are often received at periodic intervals.  In 
order to capture the effect of not having continuous GPS information available to the 
controller, we now consider a more realistic case.  For a drag-free application, it is 
desirable to receive GPS update as often as possible so accurate thrust commands can be 
issued.  On the GRACE follow on, the spacecrafts position and velocity vectors will 
available every 10 seconds.9  For this study, the update frequency for the GPS position 
and velocity is assumed to be the same.  Section 7.4.3 covers the systems sensitivity to 
different update frequencies for the spacecrafts position and velocity.  The vectors mr  and 
mv  represent the “measured” GPS position and velocity vectors, and are synonymous 
with ( )c tr and ( )c t&r in the continuous case.   
In addition to GPS position and velocity from the GPS system, the position error, 
or difference between the spacecrafts position and the proof mass can be derived from the 
GRS system.  This quantity, denoted as mδ r , is assumed to be measured more frequently 
than the GPS updates, since the measurement is done on board the spacecraft.  For the 
nominal case, it is assumed this quantity is updated every 0.5 seconds, or at a sampling 
frequency of 2 Hz.  This assumption is consistent with the GRS sensing rate proposed for 
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ST7.  With this quantity, the position vector of the proof mass can be reconstructed form 
these measured values by the relation  
 ( ) m mm δ= −tr  r r  (11) 
  The velocity error, denoted as ( )tδ &r  in Eq. (8) is a non measurable parameter.  
Therefore, it must be estimated or calculated numerically onboard. As a first approach, 
numerical differentiation of the position error was used. Differentiation of the measured 
position error vector ( )m tδ r  is carried out via second order backwards difference method 
based on the GRS sampling frequency.  The numerical velocity error, denoted by 
( )( )m numtδ v , is calculated by 
 ( ) 1 23 4( )
2
i i i
m m m
m mnum
r r rdv t r
dt t
δ δ δδ δ
− −− += ≈ ∆  (12) 
where ∆t denotes the time delay between GRS updates, 0.5 seconds. The quantity 
( )( )m numv tδ  will be used in place of ( )tδ &r in the control law, Eq. (8) and update law, Eq. 
(9). On the actual spacecraft, a more advanced method of estimating this value will 
mostly likely be employed, such as a nonlinear Kalman filter. This requires a nonlinear 
state observer for the error system, Eq. (10), which uses the noise-corrupted output signal 
( )m tδ r  to reconstruct the velocity error ( )tδ &r  and use it in the control and adaptive laws, 
Eq. (8) and Eq. (9), respectively. Related to that is the possibility of an adaptive observer, 
which combines both the state error and drag parameter estimates in a single observer, 
with the associated stability analysis proved via Lyapunov’s methods. 
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4.2.2 Uncertainty in Measurement 
 In addition to incorporating a time delay on the GPS position and velocity updates 
and the GRS position error update, the accuracy of these measurements is also 
considered.  The GPS position information is assumed to be accurate to ±50 meters.  The 
spacecraft velocity is assumed to be accurate to ±10 centimeters per second. Both of 
these assumptions are based on actual data from GRACE comparing the GPS velocity 
and the actual (post-processed) velocity.9    In the simulation, these quantities are 
modeled by adding an error vector to the actual state which is available from the solution 
vector of simulation, shown in Eqs. (13) and (14). 
 m c posε= +r r  (13) 
 m c velε= +v v  (14) 
The uncertainty vectors posε and velε are 3 1× vectors consisting of the assumed maximum 
uncertainty value multiplied by a random number vector on the interval [-1,1].  This 
method accounts for equal measurement uncertainty in all coordinate directions with 
equal probability. These uncertainty vectors are generated at every update of the GPS 
position and velocity vectors. 
 The GRS position error, mδ r , is assumed to be accurate to ±5 nanometers.  This 
quantity is modeled by adding an uncertainty vector to the difference of the spacecraft 
position vector and the target (proof mass) position vector, in a manner analogous to that 
for the spacecraft position and velocity, as shown in Eq. (15), however is generated at the 
GRS sensing rate. 
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 ( )m r c t rδ δδ δ ε ε= + = − +r r r r  (15) 
 The three measured vectors, ( )m tr , ( )m tv and ( )m tδ r , and ( )( )m numtδ v  are sent to the 
controller as they become available.  In between updates, the control law uses the most 
recent value.  At the start of a simulation, initial spacecraft position error, ( )pos o∆ , is set to 
its maximum uncertainty, 5 nm. The initial velocity error ( )vel o∆ is assumed to be zero, 
since the proof mass will be secured until it is “released” at the start of data collection on 
the actual mission.   
4.2.3 Control Law 
  Measured values for spacecraft position ( )m tr  and velocity ( )m tv , and the position 
error ( )m tδ r  can be directly substituted for cr , &r , and δ r  in Eq. (8) from data provided by 
the GPS and GRS systems.  The calculated velocity error, ( )( )m numv tδ is substituted for 
( )tδ &r . The measured relative velocity is given by 
 , ( )rel m m mt ⊕= − ×v v rω  (16) 
 Rewriting the control law in Eq. (8) in terms of these available quantities the resulting 
control law is,  
[ ] [ ]( ) 2,3 3( ) ( ) ( ) ˆˆ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )
m m m
P D m v,m rel m TRnum
m m m
t t t
t K t K t c t t t
t t t
δµ δ δδ
 − = − − − − − + − 
m
r r r
u r v e v
r r r
ε  (17) 
where,  
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and the quantity 3
( ) ( )
( ) ( )
m m
m m
t t
t t
δµ δ
−−
−
r r
r r
represents the estimated gravitational acceleration on 
the proof mass based on the available information about the GCI spacecraft position and 
position error vectors.  The last term in the control acceleration equation, TRε  represents 
the thruster resolution, or uncertainty in thrust repeatability.  Since thrusters are mounted 
directly to the spacecraft, the components of TRε are defined in the NTW frame and 
transformed into the inertial frame via the transformation matrix, S .  The expression for 
TRε is shown in Eq. (19) 
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ε S  (19) 
The values for thruster repeatability uncertainty components will depend on the choice of 
thruster, feed system, and power processing unit.  These issues will be discussed in 
chapter 5, Thruster Modeling.  In addition, to accurately represent the thrusters capability, 
a thrust limiter has been implemented.  In the case that the required control acceleration 
exceeds the capabilities of the assumed thruster model, the control acceleration is 
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defaulted to the maximum acceleration the assumed thruster can deliver based on the 
mass of the spacecraft.  
  The adaptive estimate update law, Eq. (9), is also rewritten in terms of the known 
quantities, and is shown in Eq. (20).   The adaptive update law Eq. (20), is assumed to be 
solved on board the spacecraft at the same sampling frequency as the ( )m tδ r update, 2 Hz.  
 ( )( ) 2,ˆˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) , (0)Tm m v,m rel m onumd c t t t t t c cdt γ δ δ= −Γ + =v r e v  (20) 
The control law, Eq. (17) and the adaptive estimate update law, Eq. (20) describe the 
propulsion controller for the drag-free simulation. The result is a hybrid continuous 
system/discrete controller in which the controller provides a command continuously, but 
uses processed states at discrete time instances until the subsequent updates become 
available.   
Assuming the nonlinearities are cancelled out from Eq. (7) by use of the control law, 
Eq. (17), and if ˆ( )c t c= , the result is a linear PD-type controller.  By proper choice of the 
proportional and derivative gain matrices, [ ]PK and [ ]DK , one can ensure that the state 
errors will go to zero exponentially.  The standard form of a second order linear system is 
given by 
 22 0 , ,i n i n ir r r i x y zζω ω+ + = =&& &  (21) 
Therefore the gain coefficient for this linear controller can be found from this expression.  
The gain matrices are then defined as,  
 3 3 3 3
2
,
, 2
D d x P p x
p n d n
K k I K k I
k kω ζω
= =      
= =  (22) 
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In the above expressions, ζ is the damping ratio and nω  is the natural frequency of the 
error system.  The natural frequency was chosen based on the Nyquist-Shannon sampling 
theorem, which requires the sampling frequency of a discrete signal to be greater than 
twice the frequency of the original signal being sampled.  In addition, nω must be chosen 
such that it is lower than the system (thruster) bandwidth.  In case, thrust changes are 
made by varying the discharge voltage which happens on the order on milliseconds.  This 
corresponds to a system bandwidth on the order of kilohertz.  In the drag-free controller 
case, the natural frequency of the error system was chosen to be 0.999 Hz, by Eq. (23), 
 
2
sampling
n
fω <  (23) 
 where samplingf represents the update frequency of the GRS position error, 2 Hz.  The 
damping ratio was chosen to be equal to 1.0 to ensure fast convergence of the error 
system with minimal overshoot, which could cause instabilities in the thrust command. 
The secondary velocity error gain, γ , was chosen based on a stability analysis presented 
Ref. 1, and is given by   
 [ ][ ] [ ]minmin min
1 1max 1, ,D
P D
K
K K
λγ λ λ
 − >    
 (24) 
where minλ represents the minimum eigenvalue of a matrix.  The adaptive gain,Γ , was 
chosen via an iterative process while tuning the controller.  A summary of the control 
parameter values used in the simulation are shown in Table (5). 
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Table 5 Control parameters for simulations 
Parameter Value 
γ  1.0001 
Γ  1.2e-4 
ζ  1.0 
nω  0.999 Hz 
pk  0.998 s-2 
dk  1.998 s-1 
 
5 Thruster Modeling 
 For the mission considered, where the propulsion system is continuously used to 
counteract drag forces, it is essential the thruster have a throttling capability.  Because the 
orbit of the proposed follow on mission has a slight eccentricity, density fluctuations 
caused by the spacecraft’s periodic dipping into the lower atmosphere will be the driving 
factor in determining the throttling range of the thruster.  For the lower altitudes 
considered in this study (160-200 km), a moderately powered (0.2-2.9 kW) Hall thruster 
was chosen for the along-track thruster model. For altitudes higher than 200 kilometers, 
the required tangential thrust component is out of the range of the 0.2-2.9 kW candidate, 
therefore requiring a lower power thruster for these cases.  A 200 W class experimental 
Hall thruster was chosen for this particular model.  For the orbit normal and cross-track 
thrusters, a colloid thruster model based on the thrusters under consideration for ST7 was 
implemented.  
5.1 NASA/AEROJET 0.2-2.9 kW Hall Thruster Parametric Model 
 The along-track thruster performance modeling was partially based on 
experimental results of a 0.2-2.9 kW Hall thruster under development by NASA GRC 
and Aerojet for NASA’s Discovery science missions.10  Several Hall thrusters have been 
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designed for single set-point operation, or with a moderate throttle-ability which may be 
used in orbit insertion and station keeping maneuvers.  A 14:1 throttle range was 
demonstrated by the thruster described in Ref. 11 operating at a discharge voltage of 200-
800 V.  Anode mass flow rate was varied between 1.3 and 3.6 mg/s for increased 
efficiency and thrust range.  The demonstrated thrust range for this prototype thruster was 
14.1-112.7 millinewtons.10    
 Experimental results from the Discovery mission thruster study were correlated to 
anode mass-flow rate and discharge voltage using a second order polynomial least 
squares multiple regression algorithm.  The functional form of the correlation equations 
is shown in Eq. (25), 
 2 2d d dX A Bv Cv Dm Em Fv m= + + + + +& & &  (25) 
where X is the parameter of interest.  The parameters fit were thrust, total power (magnet 
power plus discharge electrical power), efficiency, discharge current and specific 
impulse. Table (6) shows the coefficient values for the various thruster parameters.  
Table 6 0.2-2.9 kW Hall thruster polynomial fit coefficients 
Parameter, X A B C D E F 
Thrust 
 (mN) -0.38001 0.029144 -5.1578•10
-5 0.25035 0.91899 0.038242 
Total Power 
 (W) 0.43338 -0.50878 0.00048 -8.2874 4.3917 1.006 
Efficiency 0.036376 0.00135 -1.2897•10-6 0.01970 -0.00189 6.0655•10-5 
Discharge Current 
(A) 0.2371 0.00142 -7.1085•10
-7 0.20944 0.16146 -8.2702•10-5 
Specific Impulse 
(s) 85.845 4.3989 -0.00297 44.578 -17.436 0.40568 
 
The mass flow rate was chosen to be constant for a given orbit and chosen based on the 
altitude.  For lower altitudes a higher flow rate is needed to produce the required thrust.  
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Initial runs of the simulation were used to determine the thrust envelope over one orbital 
period and thruster mass flow rates were then chosen to allow the thruster to produce the 
required thrust envelope with acceptable efficiency. Maximum and minimum values for 
the mass flow rate were based on the range used for the test results reported in Ref. 10, 
1.3-3.6 mg/s.  Holding the flow rate constant simplifies throttling as the thruster 
performance will (for the purposes of the controller) be a function of one variable, the 
discharge voltage.  Alternatively, the discharge voltage could be held constant and the 
flow rate varied to throttle the thruster.  Because the thruster is being throttled 
continuously, changing voltage was considered a faster, more precise method to achieve 
changes in thrust, and therefore it was the chosen method for this study. For the lowest 
orbits (160-170 km) the flow rate was set to its maximum, 3.6 mg/s, to achieve the 
needed thrust range.  Holding the flow rate constant at this value will result in a 
conservative estimate for propellant consumption when determining mission lifetime.  
The results of the polynomial fits can be seen in Figures 15-17.  The experimental data 
are represented by the symbols and the fits by the smooth lines.  
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Figure 15   Thrust and power curve fits for 0.2-2.9 kW Hall thruster 
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Figure 16 Discharge current and specific impulse curve fits for 0.2-2.9 kW Hall thruster 
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Figure 17 Efficiency curve fit for 0.2-2.9 kW Hall thruser 
The accuracy of the curve fits in terms of maximum percentage error, were as follows: 
thrust, 8.97 %, power, 5.62%, current, 7.10%, Isp, 6.23%, and efficiency, 16.97%. 
  In this simulation, the acceleration command sent by the controller is converted to 
thrust, then used as the parameter X in Eq. (23) along with the coefficients A-F 
represented in Table (6).  Given a thrust command from the controller, the resulting thrust 
equation is a second-order order polynomial equation that can be solved for the 
corresponding discharge voltage.  Once the flow rate and discharge voltage are known, 
other thruster parameters such as thrust, power, efficiency, discharge current and specific 
impulse can then be calculated.    
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  The thruster response uncertainty, as described in section 4.2.3 was chosen for the 
along track, or tangential hall thruster to be ±5% on the thrust command.  This value 
represents the combined uncertainties in the feed system and PPU, as well as variations in 
the discharge plasma processes involved.  The expression for the along-track thruster 
response acceleration uncertainty can be shown as 
 [ ]( )(0.05) ( 1,1)tTR, T Tε randM= − . (26) 
Where tT is the commanded thrust, M is the spacecraft mass at that instant, and 
[ ]( 1,1)rand −  is a random number between -1 and +1, which provides the uncertainty range 
that is bounded by ± ( )(0.05)tT
M
. 
5.2 NASA/RIAME 90-250 W Hall Thruster Parametric Model 
In addition to the NASA/Aerojet 0.2-2.9 kilowatt hall thruster, a lower powered 
Hall thruster was also modeled for simulations of higher orbits, where the require thrust 
profile are out of the range of the larger thruster.  The SPT-30 thruster was built by the 
Research Institute of Applied Mechanics and Electrodynamics of Moscow Aviation 
Institute (RIAME).  Experimental results were taken from Jacobson and Jankovsky, on a 
200 Watt class experimental hall thruster between power levels of 90 to 250 Watts.11  The 
experimental data was fit using the same 2nd order multiple regression algorithm as for 
the larger powered thruster, Eq. (25).  The polynomial fit coefficients for the SPT-30 are 
shown Table (7). 
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Table 7 90-250 W Hall thruster polynomial fit coefficients 
Parameter, X A B C D E F 
Thrust 
 (mN) -1.6432 0.018726 -0.00011 0.24133 -0.86076 0.07297 
Total Power 
 (W) 4.0061 -0.19193 0.000482 10.771 -9.0497 1.1119 
Efficiency -0.02541 0.001862 -6.76•10-6 -0.0433 -0.07724 0.001686 
Discharge 
Current (A) 0.19187 0.000299 -4.38•10-7 0.34271 0.44079 0.000188 
Specific 
Impulse  (s) -32.32 5.1392 -0.01186 -50.027 -176.6 3.8823 
 
The thrust resolution uncertainty is assumed to be the same as the larger thruster, 
5% of the commanded value, in accordance with Eq. (26).  The results are shown in 
Figures 18-20.  
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Figure 18 Thrust curve fits for 90-250 W Hall thruster 
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Figure 19 Total Power and Discharge current curve fits for 90-250 W Hall thruster 
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 Figure 20 Efficiency and specific impulse curve fits for 90-250 W Hall thruster 
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The maximum errors in the polynomial fits of the 200 Watt class thruster data 
were as follows: thrust, 5.17 %, power, 3.67%, current, 5.04 %, Isp, 5.67%, and 
efficiency, 6.35%. 
5.3 Colloid Thruster Model 
The controller thruster/actuator model for the normal direction thruster was based on 
data reported by Ziemer et al12. That work summarizes performance goals and current 
technology status for colloid thrusters under development for the NASA Space 
Technology 7 (ST7) and Laser Interferometer Space Antenna (LISA) missions. For those 
missions, the performance requirements include a thrust range of 5-30 micronewtons 
(0.5-6 micronewtons per emitter) and a thrust resolution of 0.1 micronewtons.  The thrust 
to power ratio is projected to be 20 micronewtons per Watt, and does not include heaters, 
cathode neutralizer, or power supply losses.12   At these altitudes, where a neutralizer 
may not even be required, these additional power drains were considered insignificant 
compared with the Hall thruster power. The specific impulse is 500-1500 seconds.  In this 
study we assume a constant specific impulse of 500 seconds for use in our calculations.  
For a 160 km drag-free mission, thrust in the normal and cross-track directions may 
exceed the 30 micronewton maximum described by Zeimer et al. for ST7 and LISA 
missions.  If this is the case, either more thrusters would be needed, where some will 
remain on and others throttled to provide the necessary thrust, or a new thruster 
developed with a larger number of emitting needles.    In this analysis, the colloid 
thruster(s) are assumed to be capable of delivering a desired thrust value to within ±1 
micronewton.  
   48
Unlike the model for the along-track Hall thrusters, it is assumed that for this 
colloid model, that the specific impulse is constant at 500 seconds.  This represents the 
low end of the range of specific impulses this thruster configuration is capable of, but it 
will provide conservative estimates on propellant usage.  The power required by the 
thruster(s) is calculated by dividing the commanded thrust by the thrust-to-power ratio.  
5.4 Miniature Xenon Ion Thruster (MiXI) Model 
  A cross track component of drag exists because of the co-rotation of the 
atmosphere with the Earth.  For the altitudes considered, the maximum drag in the cross-
track direction due to this effect ranges from about 0.5 millinewtons at 225 kilometers to 
about 4 millinewtons at 160 kilometers.  The required thrust is therefore out of the range 
of a “typical” colloid thruster.  NASA JPL has been developing a miniature xenon ion 
(MiXI) thruster designed for precision formation flying applications such as this.13 The 
current MiXI thruster prototype will provide 0.5 to 3 millinewtons of thrust at 3000 
seconds specific impulse and efficiencies around 50 percent or better.   The thrust to 
power ratio for this thruster is estimated to be 30 micronewtons per watt.  The thruster 
response uncertainty for the MiXi thruster is assumed to be the same as the Hall system, 
or 5 percent of the commanded thrust value.  This again is a result of uncertainties in the 
PPU and feed system for the ion thruster. Since the propellant is xenon, there is a system 
level benefit to using the MiXI with either of the hall thrusters described above, which 
also use xenon as a propellant.   
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6 Simulation Details 
6.1 Assumptions 
The assumptions for the simulation are as follows: 
• Spacecraft geometry and mass are same as GRACE 
• Proof mass is located at the center of mass of the spacecraft 
• The atmosphere co-rotates with Earth 
• Spacecraft is three axis, attitude stabilized 
• GPS position vector is available every 10 seconds with ± 50 meters 
accuracy 
• GPS velocity vector is available every 10 seconds with ± 10 centimeters 
per second accuracy 
• GRS position error is available every 0.5 seconds with ± 5 nanometers 
accuracy 
• Constant mass flow rate to Hall thrusters for a given altitude orbit 
• Constant specific impulse of colloid and MiXI thrusters 
Spacecraft parameters values used for the simulation can be found in Table (8). 
Table 8. Spacecraft parameters 
Initial total 
mass, 0m  
Drag Coefficient, dC  
Cross Sectional 
Area, A  
Initial Ballistic 
Coefficient 
487 kg 2.2 0.9 m2 230.6 kg/ m2 
 
The orbital parameters of the simulation are shown in Table (9).  
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Table 9 Orbital Parameters 
 
a, km/s  ε ω⊕ , rad/s  ω , deg Ω, deg ν, deg 
* 0.001 7.292•10-5 45 0 180 
* depends on altitude 
6.2 Solution Strategy 
 The dynamic equations (1) and (2), and the update law Eq. (20), can be combined 
into a single matrix differential equation.  The thirteen by one solution vector equation 
consists of the full state (position and velocity components) for the target trajectory in 
rows one though six and the state of the controlled trajectory in rows seven through 
twelve.  The thirteenth element in the solution vector is the adaptive drag parameter 
estimate.  The system was solved in a code developed in Matlab (Mathworks) using 
Matlab’s ordinary differential equation solver, ode23. The ode23 solver uses a second 
and third order Runge-Kutta algorithm, with varying time steps to solve the equations to 
a desired accuracy.  The ODE solver was run in a “for” loop, in which the time step is 
user defined based on how often results are to be sampled. The code is written so that the 
time delay between GPS and GRS updates is required to be an integer multiple of the 
simulation time step, however they can be defined independently of each other.  This 
allows greater flexibility for simulations if the assumptions on how often the ephemeris 
information is available to the controller change due to increased hardware capabilities.  
The ODE solver integrate the dynamic equations of motion on the interval of one 
simulation time step (one loop), and all control information is updated only when it 
becomes available.  This results in constant control acceleration over the simulation time 
step, while all other orbital perturbations are dynamically governed by the solution of the 
differential equation of motion. This represents a realistic simulation of the actual 
   51
spacecraft dynamics/control thrust relationship, since drag acts continuously on the 
spacecraft but the controller sends a thrust command at a discrete frequency.     Thruster 
performance variables and propellant consumption is calculated at every simulation time 
step. 
 At the start of each simulation time step, initial conditions for that interval are 
defined for the target and controlled spacecraft dynamics from the final conditions of the 
previous step.  As mentioned earlier, at the start of the simulation, the initial position 
error is set equal to its maximum uncertainty bound, 5 nanometers, with the initial 
velocity error set to zero.  This corresponds to the initial displacement and velocity error 
when the proof mass is released after the spacecraft has been inserted into its desired 
orbit on the actual mission.  The initial guess for the adaptive drag parameter estimate is 
calculated based on the altitude of the insertion point, and a density estimate is 
interpolated from the MSISE-90-generated lookup table.  In the actual mission, the 
spacecraft will probably use a similar technique where the density is estimated using 
some algorithm if not provided by ground controllers. The simulation continues until the 
desired end time for the propagation has been reached. A flowchart of the code can be 
seen in Figure 21.  
   52
 
Figure 21 Flowchart of simulation 
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7 Results 
Results are presented for four different orbital altitudes: 160 kilometers, 180 
kilometers, 200 kilometers, and 225 kilometers.  Table (10) shows the orbital perigee, 
apogee and period for each altitude. 
Table 10 Perigee, Apogee and Orbital Period data for 160-225 km 
 
Nominal altitude (km) Perigee (km) Apogee (km) Period (s) 
160 159.8 168.8 5261 
180 179.8 188.7 5285 
200 199.7 208.7 5310 
225 224.5 233.6 5340 
 
The results presented in this chapter provide a baseline not only for a GRACE 
follow-on, but any low altitude drag-free mission at similar altitudes.  
7.1 Mission Requirements and Lifetime  
This section describes the thrust envelope, maximum dynamic thruster response, 
power requirements, and propellant consumption over the simulation time of two orbital 
periods, for each of the four altitudes studied.  In each case, these results are extrapolated 
in order to provide estimates on mission lifetime and total power consumption for an 
extended mission. Figure 22 shows the required tangential thrust envelope for the range 
of orbital altitudes considered.  The difference in maximum and minimum thrust values at 
each of the different orbital altitudes is mainly driven by density variations due to the 
slight eccentricity of the orbits.  Larger orbital eccentricities would increase required 
thrust range. Because of the exponential nature of the atmospheric density with altitude, 
the lower altitude orbital display a much greater required thrust and thrust range. 
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Figure 22 Thrust envelope for 160 - 225 km 
 
Figure 23 shows the maximum thrust required for orbital altitudes from 160 to 500 
kilometers for each component in the spacecraft NTW coordinate system.  For altitudes 
below ~300 kilometers, the maximum thrust components in the N and W direction are 
less than 10 percent of the maximum tangential thrust.  Above ~300 kilometers, the effect 
of the co-rotating atmosphere becomes larger relative to the along-track (T) drag.  At 
around the GRACE altitude of 500 kilometers, the required thrust for the normal and 
cross-track directions is of the same magnitude, and the along-track thrust requirement is 
slightly greater.  This suggests the need for fewer thruster types on board the spacecraft, 
which may be advantageous from a system’s standpoint.  For the altitudes considered in 
this study, the magnitude of the required thrust in each spacecraft direction requires 
different types of thrusters to optimally provide the needed force.   
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Figure 23 Max thrust in NTW for 160-500 km 
7.1.1 Thrust and Power Requirements:  160 km 
For a 160 kilometer orbit, the along track (T) drag force imparted onto the 
spacecraft varies from 60.7545 to 88.7793 millinewtons.  The cross track (W) drag force 
varies from -3.8857 and 4.3287 millinewtons. The drag force profile for each of the NTW 
directions over two orbital periods is shown in Figure 24.  Figure 25 shows the applied 
thrust in all three NTW directions in response to this imparted drag.  For the along track 
direction the thrust varies between 54.4923 and 98.2201 millinewtons and for the cross 
track direction it varies between -4.8190 and 4.3662 millinewtons.  As mentioned in the 
modeling section, the along track thruster is assumed to be the NASA/Aerojet 02.-2.9 kW 
hall thruster for all orbital altitudes except for 225 kilometers, in which case the 
NASA/RIAME thruster is used.  The peak-to-peak difference in maximum and minimum 
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along track and cross track thrust is slightly greater than that of the drag profile, due to 
controller error and uncertainty in the applied thrust values.   Although no external 
perturbation is modeled directly the N direction, normal direction state errors accumulate 
from the tangential drag force and the co-rotating atmosphere, which cause a control 
response resulting in a thrust command.  The cross-track direction shows the majority of 
the cross wind disturbance due to the atmosphere co-rotating with the angular velocity of 
the earth.  Since the orbital inclination is near polar (88.5 degrees), this effect results in 
additional drag force which is almost purely in the cross track direction.  The cross track 
direction thrust changes sign twice during the course of one orbital period.  However, the 
thrust force in the N direction changes sign over much shorter time scales (a few seconds 
in this case), and the problem of delivering the commanded thrust becomes apparent.   
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Figure 24 Drag force profile for 160 km 
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Because of these factors, thruster mounting becomes an important issue in order for the 
spacecraft to be able to deliver the needed thrust in opposing directions.  One solution is 
to mount opposing thrusters on each side of the spacecraft and assign all positive thrust 
commands to the positive thruster and all negative thrust commands to the negative 
thruster.   
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Figure 25 NTW thrust component profiles for 160 km 
The problem with this configuration is that all opposing N and W direction 
(colloid and MiXI) thrusters will need to be required to be activated and de-activated 
repeatedly. The MiXi, or W direction thrusters would most likely be able to handle this 
duty cycle, since they would only be required to activate once per orbital period, for a 
time of about half of an orbital period, or roughly 45 minutes. In the N direction this 
thruster activation would need to occur over a time scale of a few seconds.  Colloid 
thrusters are not usually designed for this type of “pulsed” operation, and may not 
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perform well.  Pulsed-plasma thrusters may be a good alternative if the pulse time and 
thrust repeatability can be controlled effectively. Another more feasible option would be 
to use the colloid thruster configuration as described above, with the addition of a set 
threshold value that the non-active thruster defaults to when the thrust command is in the 
opposite direction.  This would require the active thruster to produce the commanded 
thrust, plus the threshold value, in order to produce a resultant thrust force of exactly the 
commanded value.  This split configuration allows all four N and W direction thrusters to 
fire continuously, only throttling between the commanded value plus the threshold, and 
the threshold value itself.  This configuration will consume more propellant, since all 
thrusters are firing continuously, but the smoother operation will help in keeping state 
errors small, which in turn will produce more efficient thrust commands from the 
controller. Figures 26 and 27 show the split thrust profile in the N and W directions 
respectively.  The prefixes “p” and “n” in the plot labels refer to the positive and negative 
coordinate directions respectively.  The N directing threshold value was set to 0.1 
millinewtons and the W direction threshold value was set to 0.5 millinewtons. 
 In the along-track, or T direction, the Hall thruster is primarily continuously 
throttled to counteract atmospheric drag.  Since the magnitude of the drag force is much 
greater than zero, short time scale variations of the force does not require a sign change, 
as it does in the N and W directions. The factors which drive the choice of an appropriate 
thruster are the thrust range, which can be extreme for higher eccentricity orbits, and the 
maximum dynamic thrust response, which is driven mainly by the short time scale 
variations.  For the 160 kilometer orbit, the maximum thruster response was 41.632 
mN/s.    
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A summary of the maximum dynamic response of all three directions can be seen in 
Table (11). 
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Figure 26 Split N direction thrust profile for 160 km 
 
The power required for each thruster is shown in Figure 28.   The majority of the power 
consumption is due to the hall thruster, peaking at a value of 2334.2 Watts.  The total 
power requirement for 160 kilometer orbit is shown in Figure 29.  At this altitude the 
mass flow rate to the Hall thruster was chosen to be 3.6 mg/s, the maximum value 
assumed for the particular thruster.   
Table 11 Maximum dynamic response for 160 km 
Direction Required Response (mN/s) 
N 2.184 
T 41.632 
W 2.44 
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Figure 27 Split W direction thrust profile for 160 km 
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Figure 28 Power requirements in NTW directions for 160 km 
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Figure 29 Total power requirement for 160 km 
 
7.1.2 Thrust and Power Requirements:  180 km 
By raising the orbit slightly, the demands on the propulsion system and controller 
are relaxed, since the drag force decreases exponentially with altitude.  The along track 
drag force ranges from 28.8981 to 39.7235 millinewtons, as shown in Figure 30.  The 
cross track drag varies between -1.8410 and 2.0137 millinewtons.  The applied thrust 
profile is shown in Figure 31. The maximum thrust for the along track direction is 
44.4352 millinewtons, and for the cross track direction it is 2.0674 millinewtons. In 
addition to the T direction thrust profile being significantly lower due to the reduction in  
along track drag, the peak-to-peak W direction thrust range is also less than half that of 
the 160 kilometer case.  This is also a result of the decreased atmospheric density, despite 
the fact that the relative velocity of the cross track wind due to the atmosphere co-rotating 
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with the Earth is larger due to a greater effective radius. The N direction thrust profile 
shows a slight decrease in peak-to-peak difference with the additional altitude.   
The same split thruster configuration as described for the 160 kilometer case is 
utilized here, and for the remainder of the cases presented.  The resulting split profiles are 
shown in Figures 32 and 33.  The total maximum power requirement for a 180 kilometer 
drag-free orbit is projected to be 873 Watts, as with the 160 kilometer case, the majority 
of that sum is contributed by the NASA/Aerojet 0.2-2.9 kW Hall thruster.  The power 
profiles over 2 orbital periods are shown in Figure 34, and the total power profile is 
shown in Figure 35.  For this altitude, the Hall thruster mass flow rate was chosen to be 
2.5 mg/s. 
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Figure 30 Drag force profile for 180 km 
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The maximum dynamic thruster response for 180 kilometers is shown in Table (12).  The 
maximum dynamic response required for 180 kilometers in the along track direction is 
17.753 mN/s, as opposed to the 41.632 mN/s required for the 160 kilometer case.  
Although the same thruster is assumed to be used for both these altitudes, the lower 
dynamic response needed for 180 kilometers may be a more achievable requirement for a 
typical Hall thruster. 
Table 12 Maximum dynamic response for 180 km 
 
Direction Required Response (mN/s)
N 1.02 
T 16.94 
W 0.994 
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Figure 31 NTW thrust component profiles for 180 km 
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Figure 32 Split N direction thrust profile for 180 km 
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Figure 33 Split W direction thrust profile for 180 km 
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Figure 34 Power requirements in NTW directions for 180 km 
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Figure 35 Total power requirement for 180 km 
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7.1.3 Thrust and Power Requirements:  200 km 
At 200 kilometers, the predicted along track drag force on the spacecraft ranges from  
15.0635 to 19.9692 millinewtons, and the cross track drag component ranges from -
0.9598 to 1.0376 millinewtons.  A plot of the drag profile for the three NTW coordinate 
directions is shown in Figure 36.  The along track thrust force varies between 13.3923   
22.0667 millinewtons, as shown in Figure 37.  For the cross track direction, the thrust 
force varies between -1.2394 and 1.1166, also shown in Figure 37.   
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Figure 36 Drag force profile for 200 km 
The peak-to-peak thrust variation in the normal direction displays a reduction by about 
50% as compared with the 180 kilometer case.  The peak-to-peak applied thrust in the W 
direction is also reduced by the same percentage.  The split thrust profiles for the N and 
W directions are shown in Figures 38 and 39, respectively. 
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Figure 37 NTW thrust component profiles for 200 km 
 
The maximum required dynamic thruster response for the 200 kilometer altitude case is 
summarized in Table (13).  
 
Table 13 Maximum dynamic response for 200 km 
Direction Required Response (mN/s)
N 0.633 
T 8.71 
W 0.612 
 
The maximum total power required for a 200 kilometer orbit is 367.95 Watts, a reduction 
of roughly 40 percent as compared with the 180 kilometer case.   The power requirements 
in the NTW frame are shown in Figure 40, with the total power profile shown in Figure 
41. 
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Figure 38 Split N direction thrust profile for 200 km 
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Figure 39 Split W direction thrust profile for 200 km 
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Figure 40 Power requirements in NTW directions for 200 km 
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Figure 41 Total power requirement for 200 km 
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7.1.4 Thrust and Power Requirements:  225 km 
At 225 kilometers altitude, the drag force is reduced further as compared with the 
lower altitude cases.  The range of along track drag force is 7.2574 to 9.3296 
millinewtons, and the plot showing the profile is shown in Figure 42.  Also included are 
the drag profiles for the normal and cross track directions.  The applied thrust profile, 
shown in Fig 43, ranges from 6.4852 to 10.3009 millinewtons in the along-track 
direction.  The maximum dynamic thruster response for this direction is 3.975 mN/s, 
significantly lower than any of the previous, lower altitude cases.  Maximum dynamic 
responses for the N and W direction can also be seen in Table (14).  
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Figure 42 Drag force profile for 225 km 
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Figure 43 NTW thrust component profiles for 225 km 
 
Table 14 Maximum dynamic response for 225 km 
Direction Required Response (mN/s)
N 0.444 
T 4.23 
W 0.384 
 
The power profiles for 225 kilometers are shown in Figures 44 and 45.  The 
maximum power required for a 225 kilometer orbit is 234 Watts.  Note that for this 
altitude, the smaller, NASA/RIAME 90-250 Watt Hall thruster model is employed in the 
along track direction.  The Hall thruster mass flow rate for this thruster and altitude 
combination is 0.98 mg/s.  Even at this altitude, the majority of the required power is due 
to the hall thruster power requirement, but the cross track drag component is a larger 
contributor relative to the along track drag than the previous cases, contributing roughly 
20 percent of the total power. 
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Figure 44 Power requirements in NTW directions for 225 km 
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Figure 45 Total power requirement for 225 km 
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7.1.5 Mission Lifetime Prediction 
Using the mass consumption estimates provided by the thruster models, an 
estimate of feasible mission lifetime can be recovered.  As a baseline for comparison, 87 
of the 487 kg of the spacecraft’s initial wet mass is assumed to be propellant mass.  This 
equates to an initial propellant mass fraction of 0.18.  Mission lifetime estimates are 
based on calculating how long it would take the spacecraft to expend 87 kg of propellant.  
For the 160 kilometer case, the mass consumption rate is 0.0216 kg per orbital period. 
This equates to an estimated mission lifetime of approximately 0.76 years. By raising the 
orbit to 180 kilometers, the mass consumption rate is decreased by roughly 30 percent, 
resulting in a rate of 0.0155 kg per orbit.  With this mass consumption rate, the assumed 
spacecraft could survive for 0.98 years.  At 200 kilometers, the mass consumption rate is 
0.0117 kg per orbital, and the estimated mission lifetime is 1.25 years.  The 225 
kilometer orbit requires even less thrust, thus lowering the mass consumption rate to 
0.0065 kg per orbital period.  The estimated mission lifetime for a 225 kilometer drag-
free mission is 2.27 years.  A plot summarizing these results is given as Figure 46.   
Figure 47 shows the projected mission lifetime for a range of initial mass 
fractions from 0.1 to 0.5.   The plot shows that for a low altitude drag-free mission, a 5 
year lifetime is likely not feasible.  However, at 225 kilometers, a 5 year mission could be 
achieved if the initial propellant mass were roughly 0.35, for a 487 kg spacecraft.  
Equivalently, the mass of propellant needed for a 5 year, 225 kilometer drag-free mission 
with similar drag characteristics as present here, would be roughly 170 kg.  
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Figure 46 Estimated mission lifetime for initial propellant mass fraction of 0.18 
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Figure 47 Estimated mission lifetime for various initial mass fractions 
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7.2 Adaptive Estimator Performance and Drag Estimation 
This section focuses on the performance of the drag estimating algorithm, given 
by Eq. 20.   For 160 kilometer orbit, the maximum error in the drag parameter estimation 
is 5.0508•10-11 km-1.   Figure 48 shows the actual drag parameter plotted against the 
adaptive estimate, and the error, or difference in them is shown in the lower plot.  For the 
180 kilometer orbit case, the maximum drag parameter estimate error is 2.2898•10-11  
km-1.   The plot is shown in Figure 49.   At 200 kilometers, the maximum error is reduced 
to 1.3401•10-11 km-1 and is shown in Figure 50.   For the 225 kilometer altitude case, the 
drag parameter error is 5.3060•10-12 km-1, shown in Figure 51.    
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Figure 48 Drag estimator performance for 160 km 
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Figure 49 Drag estimator performance for 180 km 
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Figure 50 Drag estimator performance for 200 km 
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Figure 51 Drag estimator performance for 225 km 
7.3 State Errors and Noise Analysis 
This section describes the motion of the spacecraft relative to the proof mass.  
Included are plots of the position and velocity errors over the simulation time of two 
orbital periods, as well as a spectral representation of these errors, as described in section 
7.3.1.   
7.3.1 Spectral Density Calculation of Position and Velocity Error Signals 
State errors are presented for each orbital altitude as a time history, as well as in 
terms of the spectral density of the error signal. The power spectral density of a signal 
gives a measure of the speed with which the signal changes in the frequency domain, and 
allows one to find the contribution of different sources which may be “buried” in a noisy 
signal. The PSD of a random signal, x(t), is denoted by ( )S ω , and is defined to be the 
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Fourier transform of the autocorrelation function of the signal, ( )R t .14  The 
autocorrelation function for a continuous real-valued function is defined asi 
 
0
1( ) lim ( ) ( )
T
t
R t x x t d
T
τ τ τ→∞= +∫  (27) 
and the PSD is found by the following equation. 
 1( ) ( )
2
iS R e dωτω τ τπ
∞
−
−∞
= ∫  (28) 
For a digital signal, the autocorrelation function is defined as  
 
0
1( , )
N n
j j n
j
R n t x x
N n
−
+
=
∆ = − ∑  (29) 
Where N is the number of samples, and t∆ is the sampling interval.  The resulting 
expression for the PSD of a digital signal is given by 
 
2( )
( )
x
S
N t
ωω∆ = ∆  (30) 
Where 2( )x ω is the magnitude of the Fourier transform of the sampled data of x(t). The 
units for PSD are in terms of x2 per unit of angular frequency, or x2 per unit of linear 
frequency (Hz).   
                                                 
i Autocorrelation is a mathematical tool used frequently in signal processing for analyzing functions or 
series of values, such as time domain signals. It is the cross-correlation of a signal with itself. 
Autocorrelation is useful for finding repeating patterns in a signal, such as determining the presence of a 
periodic signal which has been buried under noise, or identifying the fundamental frequency of a signal 
which doesn't actually contain that frequency component, but may contain many harmonic frequencies. 
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To evaluate the spectral noise components of the spacecraft position and velocity 
error, the square root of the PSD function is used.  The resulting displacement spectral 
density and velocity spectral density provide a measure of the displacement and velocity 
noise at different frequencies. Units are reported in “nanometer per square root of Hertz,” 
or “nanometers per second per square root of Hertz” for the case of velocity. To calculate 
the displacement and velocity spectra Matlab’s “periodogram” function was used, which 
returns the PSD and corresponding linear frequency vector, by use of the Fast Fourier 
Transform algorithm and the sampling frequency.  Results are reported up to the Nyquist 
Frequency, or half the sampling frequency of a discrete signal processing system.  The 
following analysis uses a sampling frequency of 10 Hz over a time domain of more than 
10000 seconds.  This will provide the noise spectra in a useful bandwidth of  ~10-4 to 5 
Hz. 
7.3.2 160 km 
For a drag-free mission, the state errors should be kept as small as possible.  At 
160 kilometers, the state errors are the largest of the cases considered, and may be a 
limiting factor in mission design.  The displacement and velocity errors are shown in 
Figures 52 and 53 respectively.  Maximum values for these errors are presented in Table 
(15). 
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Figure 52 Displacement errors for 160 km 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-1000
-500
0
δV
n,
 n
m
/s
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-5000
0
5000
δV
t, 
nm
/s
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-200
0
200
Number of Orbital Periods
δV
w
, n
m
/s
 
Figure 53 Velocity errors for 160 km 
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Table 15 Maximum state errors for 160 km 
Direction δ (nm) δV (nm/s) 
N 1819.5 1037.5 
T 3314.9 6384.7 
W 206.0 331.7 
 
The spectral analysis of the position errors reveals the frequencies at which the errors are 
largest.  Figures 54 though 56 show the position errors in terms of their frequency, 
reported in nm/(sqrt(Hz).  The N direction spectrum has a peak of about 1.3•103 
nm/sqrt(Hz) at a frequency of 0.1 Hz.  The peak in the T direction also occurs at 0.1 Hz, 
maxing out at 1.8•102  nm/sqrt(Hz).  The peaks in the error spectra at 0.1 Hz are likely 
driven by the GPS update which occurs at that exact frequency.   
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Figure 54 N direction position error spectrum for 160 km 
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Figure 55 T direction position error spectrum for 160 km 
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Figure 56  W direction position error spectrum for 160 km 
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7.3.3 180 km  
State errors for 180 kilometers are presented in Figures 57 and 58.  Maximum 
state errors are summarized in Table (16).  The error spectra are shown in Figures 59 
though 61.  As with the 160 kilometer case, the maximum errors occur around 0.1 Hz.  
The magnitudes of the error spectra also remain relatively unchanged from the 160 
kilometer case. 
Table 16 Maximum state errors for 180 km 
Direction δ (nm) δV (nm/s) 
N 812.1 497.0 
T 1635.6 3013.6 
W 114.4 152.5 
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Figure 57 Displacement errors for 180 km 
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Figure 58 Velocity errors for 180 km 
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Figure 59 N direction position error spectrum for 180 km 
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Figure 60 T direction position error spectrum for 180 km 
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Figure 61 W direction position error spectrum for 180 km 
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7.3.4 200 km  
At 200 kilometers, the maximum state errors are significantly less than those of 
the 160 and 180 kilometer cases.  A summary of the maximum errors is presented in 
Table (17).   
Table 17 Maximum state errors for 200 km 
Direction δ (nm) δV (nm/s) 
N 416.4 274.6 
T 969.5 1615.4 
W 58.4 101.1 
 
 
Figures 62 and 63 show the displacement and velocity errors for the 200 kilometer orbit.  
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Figure 62 Displacement errors for 200 km 
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Figure 63 Velocity errors for 200 km 
All three NTW direction position errors at 200 kilometers show roughly a 50 % reduction 
compared with the 180 kilometer orbit case.  This suggests that the control algorithm 
responds better to the more favorable drag environment at higher altitudes.  The noise 
spectra of the position errors at 200 kilometers are shown in Figures 64 though 66.  The 
trend for each error component is similar to the previous cases, with magnitudes as 
shown in the plots.   
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Figure 64 N direction position error spectrum for 200 km 
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Figure 65 T direction position error spectrum for 200 km 
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Figure 66 W direction position error spectrum for 200 km 
7.3.5 225 km 
At 225 kilometers altitude, the state errors are on the order of a few hundred 
nanometers, which is the order of magnitude projected for the LISA DRS.  Figures 67 
and 68 show the displacement and velocity errors over two orbital periods for a 225 
kilometer mission.  The maximum state errors are displayed in Table (18). The 
displacement error spectra are shown in Figures 69 though 71.  
Table 18 Maximum state errors for 225 km 
Direction δ (nm) δV (nm/s) 
N 199.5 157.3 
T 367.9 672.6 
W 34.5 76.7 
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Figure 67 Displacement errors for 225 km 
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Figure 68 Velocity errors for 225 km  
   91
10-5 10-4 10-3 10-2 10-1 100 101
10-4
10-3
10
-2
10-1
100
101
10
2
103
S
qr
t(S
n)
, n
m
/s
qr
t(H
z)
frequency (Hz)  
Figure 69 N direction position error spectrum for 225 km 
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Figure 70 T direction position error spectrum for 225 km 
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Figure 71 W direction position error spectrum for 225 km 
7.3.6 State Error Degradation over Mission Lifetime 
As the length of a drag-free mission increases, the overall spacecraft mass is 
reduced because of propellant consumption.  Because of this effect, the spacecraft 
ballistic coefficient, /b dC m C A= , is time varying.  The drag force on the spacecraft is not 
a function of the spacecraft mass; however, the accelerations caused by the drag force 
increase as the mass of the spacecraft is lessened by the continual propellant usage.  This 
effect results in a degradation of the control systems ability to react to the increased 
acceleration disturbance and the state errors become larger as a mission evolves.  Figure 
72 shows this effect for the altitudes considered.  The dashed black line in the plot 
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represents the mission lifetime limit for an initial propellant mass fraction of 0.18, as 
assumed in the previous analysis.  
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Figure 72 State error degradation over mission lifetime 
As expected, the 225 kilometer orbit displays less of a change over time than any of the 
lower altitude cases, which corresponds to minimal state error degradation over the 
length of the mission.   For the projected 2.27 year mission lifetime estimate for the 225 
kilometer orbit, the maximum state errors show a roughly 10 percent increase by the end 
of the mission.  
7.4 Sensitivities  
This section describes the sensitivity of the system to various disturbances or 
changes in assumptions.  First, the effect of adding a worst case wind gust disturbance is 
evaluated.  Secondly, we discuss the sensitivities of the system to changing two 
Lifetime, (mp)0=0.18 
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assumptions on the quality and frequency of two control inputs: the GPS position and 
velocity vectors.  Note that the assumed update frequency and uncertainty of the GRS 
position error remains unchanged for this analysis. Sensitivity results for the various GPS 
assumptions are presented for the 225 kilometer case only. 
7.4.1 Effect of Thermospheric Wind 
Other than the atmosphere co-rotating with the Earth, no additional wind 
disturbance has been included in the dynamic model.  Winds in the lower thermosphere 
(90-200 kilometers) can be significant however, and should be addressed to determine a 
more robust estimate on propulsion requirements of a drag-free mission at these altitudes.  
Thermospheric winds were measured during a geomagnetic storm on April 4-5, 1993 by 
the WIND Imaging Interferometer (WINDII) between 90 and 200 kilometers altitude, 
and 20-70 degrees south latitude.15  The WINDII instrument recorded a maximum wind 
velocity of ~200 meters per second on April 2nd at an altitude of 140 kilometers.  On 
April 5th, the maximum wind velocity was reported to be ~650 meters per second in the 
westward direction at and altitude of ~200 kilometers. To estimate the effect of such a 
wind on a drag-free mission, an impulsive gust of 650 meters per second was modeled 
and implemented in the cross-track direction at 200 kilometers.  In addition to capturing 
the worst case direction for the wind gust (westward), the geographic location of the wind 
measurement was taken into account in determining the time coordinate during the orbital 
period of the spacecraft when the gust occurs.  Based on results reported by Zhang and 
Shepherd,15 the maximum winds were recorded in the southern polar region. This occurs 
close to the spacecraft’s perigee as the spacecraft passes over the South Pole region.   
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The wind gust model implemented in the simulation assumes a Gaussian function 
in time,  
 2
( )( ) exp
2wind
tv t V τσ
− − =     (31) 
where V is the maximum wind velocity, τ is the time at maximum disturbance, and σ is 
the “standard deviation” parameter, which establishes the duration of the gust. For this 
simulation the time of the maximum wind gust, τ, was defined to be 3210 seconds, with a 
maximum velocity of 650 meters per second and a standard deviation parameter of 2 
seconds.  A plot of the resulting wind gust velocity is shown in Figure 73.  
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Figure 73 Velocity profile of wind gust 
 
As mentioned, to represent the worst case scenario, this wind gust is injected in 
the W, or cross-track direction, since the effect of such a wind gust will have a larger 
relative effect as opposed to the along-track direction, where form drag dominates.    This 
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also provides some insight into thruster options, since the cross track thrusters have been 
chosen largely based on the disturbance of the co-rotation of the atmosphere alone.  The 
implementation of the wind gust is done by adding its velocity to the relative velocity of 
the spacecraft with respect to the atmosphere, given by Eq. (32).   
 ( )rel c ct ⊕= − × + windv v r vω  (32) 
The resulting drag force including the wind gust effect is found using the drag model 
defined by Eq. (5).  The drag profile (including wind gust) for an altitude of 200 
kilometers is shown in Figure 74.  The effect of the wind disturbance can be seen around 
0.6 of the orbital period.   
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Figure 74 Drag profile with worse case wind disturbance in cross track direction 
 
The resulting thrust profile including this additional wind disturbance is shown in 
Figure 75. At 200 kilometers, the worst case effect of a strong wind gust increases the 
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maximum required thrust in the cross-track direction from 1.12 to 2.01 millinewtons, 
roughly a 79 percent increase.  This disturbance results in a maximum dynamic thruster 
response in the cross track direction of 0.61 mN/s, which is relatively unchanged from the 
non-wind disturbance case.  This effect may be a significant consideration in choosing an 
appropriate thruster for the cross-track direction.  For a 200 kilometer orbit, the MiXI 
thruster should be capable of handling the larger thrust requirement, but lower altitude 
orbits may need more thrusters to deliver the needed thrust in the case of a large wind 
gust.   
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Figure 75 NTW thrust profiles with worse case wind disturbance in cross track direction 
 
Such a disturbance also affects the state errors of the spacecraft.  At 200 
kilometers, a 650 meter per second gust causes the position error in the cross track 
direction to increase to 860.4 nanometers.  This large increase in the cross track position 
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error is quickly reduced as the control system recovers from the impulse disturbance, and 
the cross track position errors return to the nominal values presented in section 7.3.4 
Again, this analysis represents a worst case situation, where the maximum wind 
gust is short and intense, and the wind force imparted on the spacecraft is purely in the 
cross-track direction.  Average wind speeds in the lower thermosphere during non 
geomagnetic storm conditions are likely to be much less severe.  Two days before the 
April 1993 storm, winds at 180 kilometers in the polar cap were generally less than 200 
meters per second.15    
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Figure 76 W direction thrust profile with 200 m/s wind disturbance  
 
Assuming the average wind speed to be 200 meters per second, the maximum 
increase in W direction thrust due to a direct cross wind does not increase the maximum 
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thrust requirement, unless it occurs near the perigee of the orbit, where the required thrust 
is maximum.  If the 200 meter per second wind gust were to coincide with the point of 
maximum required thrust, around 0.4 orbital periods, the maximum required thrust in the 
W direction would be increased by 26 percent.   The W direction thrust profile with the 
200 meter per second gust in the polar region is shown in Figure 76.  
 
7.4.2 Effect of GPS Accuracy on State Errors 
In order to reduce state errors to minimum levels, the relative “error” or 
uncertainty in control inputs must also be reduced.  This section examines the effect of 
having a theoretically more accurate GPS system.  We consider an improvement on the 
GPS position signal uncertainty from ± 50 meters to ± 1 meter, and an improvement on 
the GPS velocity signal uncertainty from ± 10 centimeters per second to ± 1 centimeter 
per second.  Table (19) shows the root-mean square value, δrms, of the position error and 
the standard deviation, σδ, of the position errors for the nominal case, the improved 
accuracy cases and the case of no uncertainty in the GPS signal.  
Table 19 Effect of improved GPS accuracy on state errors (nm) 
 Nominal Improved accuracy No position or velocity error 
Direction δrms σδ δrms σδ δrms σδ 
N 103.48 35.441 103.47 35.438 103.45 35.513 
T 87.787 52.761 86.255 52.322 88.585 53.398 
W 7.9557 4.6437 8.0022 4.6601 7.9047 4.6272 
 
It can be seen that significantly improving the accuracy of the GPS position and velocity 
signals do not drive a significant improvement in the state errors of the system.  This 
result is counterintuitive, but one must also consider the effect of the resolution of the 
applied thrust, which is a property of the thruster feed system, power processing unit, and 
the thrusters themselves.  Although improving the accuracy of the control signal may be 
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achievable, the state errors also depend on how well the thrusters can deliver a given 
control command.   
7.4.3 Effect of GPS Update Frequency on State Errors 
In addition to considering the theoretical improvement of GPS signal quality, a 
decrease in the time delay between such updates is also examined.  For this case the 
original accuracy of GPS position and velocity signals is assumed.  The time delay 
between GPS position and velocity updates is assumed to be reduced from 10 seconds in 
the nominal case to 1 second for this case.  This allows the control algorithm to use more 
frequent updates of the spacecraft position and velocity to better estimate gravitational 
accelerations on the proof mass and drag accelerations on the spacecraft.  Figures 77 and 
78 show the state errors for the 1 second GPS update case.  The plots show a significant 
improvement in state errors as compared with the nominal case at 225 kilometers.  Table 
(20) summarizes the results by presenting the maximum state errors for both the nominal 
case and the improved GPS update frequency case.  It can be seen that the displacement 
error in the N direction is greatly reduced by the increase in update frequency.  A 
reduction of over 80 percent is apparent for the N direction displacement error magnitude 
and a reduction of over 89 percent in the RMS value.   
Table 20 Effect of improved GPS update frequency on state errors (nm) 
 
 Nominal Improved frequency 
Direction δrms σδ δrms σδ 
N 103.48 35.441 11.317 5.4033 
T 87.787 52.761 86.808 52.524 
W 7.9557 4.6437 6.6823 4.108 
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Figure 77 Displacement errors for 225 km with 1 sec GPS updates 
A decrease of over 28 nanometers is realized in the maximum along-track displacement 
error. The RMS value in this direction shows an improvement of 0.979 nanometers, while 
the RMS cross-track displacement error is reduced by 1.27 nanometers. These results 
suggest that more frequent spacecraft position and velocity update may help significantly 
reduce the displacement errors, and thus keeping the spacecraft on the target trajectory.  
The displacement error spectra for the case of 1 second GPS updates are shown in 
Figures 79 though 81.  It can be seen from Figure 79 that the high peaks occurring in the 
spectra from around 0.1-1 Hz in the nominal case (Figure 69) are not present here.  This 
reinforces the result that by increasing the GPS update frequency, the displacement error 
spectral content also significantly reduced in the range of 0.1-1 Hz.  The spectra for the 
along-track and cross-track directions remain relatively unchanged. 
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Figure 78 Velocity errors for 225 km with 1 sec GPS updates 
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Figure 79 N direction position error spectrum for 225 km with 1 sec GPS update 
   103
10-5 10-4 10-3 10-2 10-1 100 101
10-4
10-3
10-2
10-1
100
101
102
S
qr
t(S
t),
 n
m
/s
qr
t(H
z)
frequency (Hz)  
Figure 80 T direction position error spectrum for 225 km with 1 sec GPS update 
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Figure 81 W direction position error spectrum for 225 km with 1 sec GPS update 
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7.4.4 Effect of GPS Accuracy and Update Frequency on State Errors 
It has been shown that increasing the update frequency of the GPS position and 
velocity vectors has a strong beneficial effect on the reduction of state errors for the given 
propulsion controller system.  Although the effect of a more accurate GPS signal was 
examined, the benefits were determined to be negligible.  Now we consider the case of a 
more accurate, more frequently updated GPS signal.  By having a more frequently 
updated GPS signal, the effect of its accuracy may play a larger role in the reduction of 
state errors, since the error accumulated over the time span between updates will be much 
less with 1 second intervals than with 10 seconds intervals.  This case combines the 
previous assumed improvements on the GPS signals.  The accuracy is assumed to be ± 1 
meter for the GPS position and ± 1 centimeter per second for the GPS velocity, with both 
quantities updated at a frequency of 1Hz.   
Table (21) summarizes the effect of the improved GPS accuracy combined with a 
1 Hz update frequency on maximum state errors.  
Table 21 Effect of improved GPS accuracy and update frequency on state errors (nm) 
 
 Nominal Improved accuracy and frequency 
Direction δrms σδ δrms σδ 
N 103.48 35.441 11.297 5.4078 
T 87.787 52.761 87.859 53.201 
W 7.9557 4.6437 6.622 4.0464 
 
In the N direction the maximum displacement error is reduced from just under 200 
nanometers to 33.9 nanometers, an improvement of roughly 81 percent. The RMS value 
is reduced from 103.48 to 11.297 nanometers, a slightly larger reduction than the case of 
improved frequency alone.  While some improvement can be seen by combining better 
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accuracy and more frequent updates, the improvements are not significant.  The 
displacement error spectra are shown in Figures 82 though 84.  
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Figure 82 N direction position error spectrum for 225 km with improved GPS accuracy and 
1 sec GPS update 
   106
10-5 10-4 10-3 10-2 10-1 100 101
10-4
10
-3
10-2
10-1
100
101
102
S
qr
t(S
t),
 n
m
/s
qr
t(H
z)
frequency (Hz)  
Figure 83 T direction position error spectrum for 225 km with improved GPS accuracy and 
1 sec GPS update 
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Figure 84 W direction position error spectrum for 225 km with improved GPS accuracy and 1 sec  
GPS update 
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The spectra for the combined case of improved accuracy and update frequency of the 
GPS position and velocity do not show a significant difference than those for the case of 
increase update frequency alone. 
These results support the idea that for the proposed propulsion and control 
algorithm, increasing the availability of control signals has a large effect on keeping state 
errors small.  In addition, if greater accuracy can be ensured, state errors can be further 
improved in some of coordinate directions.  Of course, these are theoretical cases to 
investigate the sensitivity of the given control system such improvements of control 
inputs.  Such improvements may not be possible, but this analysis provides a baseline for 
comparison of a somewhat ideal case.   The extreme ideal case of fully continuous 
control inputs with no uncertainty can be found in reference 1, by St. Rock, Blandino and 
Demetriou.  
 
8 Conclusions 
 A simulation of a possible drag-free GRACE follow-on mission is presented to 
evaluate the feasibility of such a mission at different orbital altitudes. The results 
presented in this thesis suggest the feasibility of a drag-free mission in LEO from the 
standpoint of the control algorithm and thruster actuators.   However, limitations on 
maximum allowable state errors, and thrust requirements may force the mission into 
higher orbital altitudes, where drag is not as severe.  The lowest altitude orbit studied 
here, 160 kilometers, was chosen based on the thruster model used.  For lower altitudes, a 
larger thruster(s) must be employed. The use of larger along-track thrusters would require 
a larger PPU and more propellant, further reducing mission lifetime.   For the altitudes 
considered, required thrust range was shown to be mainly dependent on density 
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fluctuations between apogee and perigee due to altitude changes.   Therefore, given the 
choice of orbital eccentricity, a more circular orbit would be desired to reduce the peak to 
peak thrust variation between apogee and perigee.  A four to five percent variation in 
altitude drives atmospheric density fluctuations causing the throttle envelope to be in 
upwards of 50 percent of the average thrust over an orbital period.  For a 160 kilometer 
orbit, the along-track thrust envelope was 54.3 to 98.5 millinewtons, a throttle envelope 
of 44.1 millinewtons.  Higher altitude orbits require less maximum thrust as well as a 
narrower thrust envelope, thereby lessening the requirements for the along track thruster.  
At 225 kilometers, the thrust envelope ranges from 6.5 to 10.3 millinewtons, or a throttle 
envelope of only 3.8 millinewtons.  This corresponds to a 90 percent reduction in 
maximum applied thrust and a 91 percent reduction in throttle range.   
 In addition to lower maximum thrust and a narrower thrust range at 225 
kilometers, the maximum dynamic thruster response is also significantly lower.  If the 
control acceleration requires a rate of change in applied thrust greater than the given 
thruster can achieve, the required acceleration will not be attained, driving state errors to 
increase.  For a 160 kilometer orbit, the maximum response for the along track thruster is 
41 millinewtons per second, where as for a 225 kilometers orbit that value is reduced by a 
factor of 10.  Whether larger dynamic responses can be achieved is dependent on the 
thruster system on the spacecraft.  If no flow rate changes are needed, as is assumed in 
this study, adjustment of discharge voltage should provide sufficient throttling rate to 
achieve the responses predicted in this study.  
   The maximum power requirements for a 160 kilometer orbit are upwards of 2.2 
kilowatts, whereas for a 225 kilometer orbit the maximum power is less than 200 watts.  
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Depending on the desired mission lifetime and power processing capability, this may be a 
crucial factor in determining mission feasibility.  From a thruster standpoint, these results 
support finding that a 225 kilometer orbit (still quite low by most standards) is a much 
more feasible environment for such a drag-free mission, based on the proposed control 
design and thruster models.  
  For a GRACE follow on mission, lower altitude orbits may be desired for  more 
accurate gravity mapping, however, state errors are much greater, which may effect the 
gravity measurements.  At 225 kilometers, the orbital altitude is less than half of 
GRACE’s initial orbital altitude, and the maximum displacement errors are on the order 
of tens of nanometers per square root of Hertz in the along track direction, and a few 
hundred nanometers per square root of Hertz in the normal direction.   Higher accuracy 
spacecraft position and velocity data from the onboard GPS, if available, would still not 
reduce state errors significantly.  However, by increasing the frequency of the ephemeris 
update, position and velocity errors are shown to be reduced by upwards of 80 percent in 
the normal direction.  When both improvements are implemented, state errors can be 
further reduced, resulting in position errors of less than 10 nanometers per square root of 
Hertz in the normal and cross track directions, and less than 100 nanometers per square 
root of Hertz in the along track.  It is clear that with this controller configuration, more 
frequent updates on the spacecraft’s position and velocity are crucial in decreasing state 
errors, as compared with increasing the accuracy of these data.  
 The major source of the along track error is the uncertainty in the applied thrust 
from the Hall thruster.  If more accurate thruster control hardware were available, the 
along track errors could be reduced.   Thus the driving factor in reducing errors in the 
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along track direction is the ability of the thruster to produce a commanded value 
accurately, while the main driver in reducing normal direction errors is more frequent 
GPS ephemeris updates.  Over the course of a drag-free mission, propellant is continually 
being consumed, thus decreasing the overall mass of the spacecraft.  This decrease in 
mass causes acceleration disturbances due to atmospheric drag to increase, thus 
increasing the demands of the control system. Because of this, the spacecraft state errors 
were shown to increase as the length of the mission increased.  The lower altitude 
missions display a larger increase, while the 225 kilometer orbit displayed less than a 10 
percent maximum state error increase over its 2.27 year mission lifetime.  
 For the controller/thruster configuration considered, predicted mission lifetime is 
based on propellant consumption.  Assuming an initial propellant mass of 87 kilograms, a 
160 kilometer altitude mission would use that amount of propellant in approximately 0.76 
years.  That prediction is extended to 2.27 years for an altitude of 225 kilometers.  To 
achieve a 5 year gravity mapping mission like GRACE, given the same propulsion 
system and controller, the spacecraft would require approximately 170 kilograms of 
propellant for a 225 kilometer orbit.  More efficient thrusters and firing schemes (control 
of mass flow rate and discharge voltage) may improve mass consumption rate, but as an 
initial estimate, this analysis provides an estimate of what can be expected in terms of 
mission lifetime, and thruster requirements.  
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